A universal quantum Turing machine (UQTM) has been defined to be able to perform an arbitrary unitary transformation on an arbitrary number of qubits, by including a program as another part of the input state. It is pointed out that, if such a UQTM does exist, then consequently there is no conflict between being universal and the need for a halt qubit, and one may construct a programmable quantum circuit by repeating the operation of a fixed gate array. Hence it is indicated that all these problems depend upon the existence of a UQTM.
INTRODUCTION
A computation is a process that produces an output which depends on an input in a desired way. Remarkably, a present-day computer is a universal computer; we use one single computer for different computational tasks. This is a consequence of the ChurchTuring thesis: every computable (recursive) function can be computed by a universal Turing machine [1] . The practical computers, i.e. the classical circuits, are good approximations to the universal Turing machine. A universal computer performs the computation of an arbitrary function by encoding a program for this function as another part of the input, in addition to the data to be computed on. Hence the Church-Turing universality means that for a universal computer, there always exists a program for an arbitrary computable function.
In a quantum computer [2] , the input and output are quantum states, and the computation is a unitary transformation followed by a measurement. Naturally, it is both theoretically and practically important to generalize the Church-Turing universality to quantum computation. Early on, Deutsch introduced quantum Turing machine (QTM) and claimed the existence of a universal QTM (UQTM), defined to be a single machine for which there always exists a program, as a part of the input state, that effects a unitary transformation arbitrarily close to any desired unitary transformation on an arbitrary number of qubits [3, 4] . More recently, Bernstein and Vazirani investigated the quantum complexity theory [5] .
However, there are two findings which are not consistent with the idea of such a universal quantum computer. Myers pointed out that there is a conflict in the definition of a universal quantum computer between the need for a halt qubit and being universal, which was understood as the need for operating on any superpositions of basis states [6] . Although Ozawa showed that the monitoring of the QTM is a quantum non-demolition measurement [7] , the situation that different computational branches halt at different time, if really happens, may diminish the interference effect [5] . This is because the entanglement with another degree of freedom, here the halt qubit, destroys the interference. On the other hand, Nielson and Chuang showed that there is no deterministic universal quantum circuit, i.e. a fixed gate array which can be programmed to perform any unitary transformation by inputing qubits representing a program together with those representing the data [8] .
As pointed out in this note, there is a loophole in the original proof of the existence of a UQTM. It is controversial and unclear whether the problem was solved in Ref. [5] , which seems to be based on some restrictions on the functions dealt with. Here we do not attempt to resolve this problem, instead, we show that if the UQTM does exist, then the halting problem claimed by Myers consequently evaporates, because being universal does not require the total machine to operate on any superposition. We also point out that, by repeating the operation of a fixed gate array, the UQTM can be simulated. Hence all these problems depend on the very existence problem of a UQTM.
QUANTUM TURING MACHINE AND UNIVERSAL QUANTUM TURING MACHINE
As a generalization of classical Turing machine, a QTM consists of a finite processor consisting of N qubitsn n n = {n i } (i = 0, · · · , N − 1), and an infinite tape consisting of an infinite sequence of qubitsm m m = {m i } (i = · · · , −1, 0, 1, · · ·), of which only a finite portion is ever used. An observablex specifies the currently scanned qubit on the tape, i.e. the position of the head. Thus the state of a QTM is a unit vector in the Hilbert space H spanned by the basis states |x; n n n; m m m ≡ |x |n 0 , n 1 ,
which are simultaneous eigenvectors ofx,n n n andm m m, with the eigenvalues x, n n n and m m m. The dynamics is summarized by a constant unitary operator U whose only nonzero matrix elements are x ± 1; n n n ′ ; m ′ x , m y =x |U|x; n n n; m x , m y =x . Each choice of such a U defines a different QTM. Because no measurement is permitted to be made during the quantum computation, Deutsch set aside a halt qubit n h to signal whether the computation is completed. n h is initialized to 0 and flips to 1 when the computation is completed. Therefore one may observe n h to know whether the computation has been completed. The initial state of the QTM may be prepared as |Ψ (0) 
where T is the time duration of each step.
For a UQTM, we may write its state as |Q(x, n n n) |n h |D |P |Σ , where |Q(x, n n n) is the state of the processor, excepting the halt qubit while including the head position, |n h is the halt qubit, |D the state of the data, |P is the corresponding state of the program. |D an |P are both parts of the tape, |Σ is the rest part of the tape, which are not affected during the computation. According to [3] , there exists a UQTM defined by U, for an arbitrary unitary transformation U and an arbitrary accuracy ǫ, there is always a program |P(D, U, ǫ) and a whole number S(D, U, ǫ), such that
where |D ′ is arbitrarily close to |UD , i.e., |||D ′ − |UD || 2 < ǫ. A key step in proving this claim is the following inductive proof of the existence of a program which accurately evolves an arbitrary L-bit data state |D = |ψ 1∼L to |D ′ = |0 1∼L ; we denote
. By inductive hypothesis there exist programs ρ 0 and ρ 1 which accurately evolve |ψ 0 2∼L and |ψ 1 2∼L , respectively, into |0 2∼L . Therefore there exists a program ρ with the following effect: If qubit no. 1 is 0, execute ρ 0 , otherwise execute ρ 1 . Thus |ψ 1∼L is converted to (c 0 |0 1 +c 1 |1 1 )|0 2∼L , which can be evolved accurately to |0 1∼L by a one-bit transformation of the qubit no. 1; the existence of programs for one-bit transformations had been established.
The loophole in this proof is that, in general, ρ 0 and ρ 1 consume different amounts of time, seen as follows. Suppose ρ 0 and ρ 1 consume a same amount of time S, then Hence in the concerned proof, it is not guaranteed that |0 2∼L can be reached simultaneously in the two branches, and thus it is not guaranteed that |ψ 1∼L can be converted to (c 0
L−i branches, defined by the different product states of qubits No. 1 to L − i. Yet they are effected by the same U acting on the total state of the computer. In each stage, in general, the linearity and unitarity of quantum evolution requires that the different transformations in different branches need different amounts of time.
It is unclear whether there can be some construction to ensure that the desired state at each stage is reached.
HALTING PROBLEM
Recently, Myers argued that there can be an entanglement between halt qubit and others, thereby a measurement on n h spoils the computation, as follows [6] . Suppose two computations, which start respectively from basis states |A |0 h and |B |0 h , are evolved after N A and N B steps to the desired states |A ′ |1 h and |B ′ |1 h , respectively. If N B > N A , then for a computation starting from (|A + |B )|0 h , after N steps, with N A < N < N B , the state is something like |A ′′ |1 h + |B ′′ |0 h . Because the computation time is unknown, if one measures n h after N steps, with N A < N < N B , the computation is spoiled since the state will be reduced to one branch of the superposition. Myers regarded this as a conflict between being universal and being fully quantum [6] .
From the construction of the QTM, we see that the combination of the universality and being fully quantum does not require the whole quantum computer to evolve from an arbitrary superposition; the desired computation U is done only on the data state although the dynamics U is applied to the whole system. It is the data state, instead of the total state of the system, that should be able to start from any superposition. Therefore, |A and |B in Myers' argument as summarized above should be the states of the input data. Hence if the UQTM exists, the claimed conflict evaporates automatically, because for every input data state, there is a corresponding program. When the input data is A + B, for example, the state of machine only needs to be |0; 0 0 0; 0 h ; A + B, P(A + B) , where |P A+B is the program state corresponding to A+ B, rather than |0; 0 0 0; A, P(A) + |0; 0 0 0; B, P(B) , where |P(A) and |P(B) are program states corresponding to data state A and B, correspondingly. Thus the entanglement involving the halt qubit is avoided as far as the UQTM itself exists.
In addition to the universality in the above definition of UQTM, referred to as type-I universality, a priori, there is a type-II universality. Type-I universality is defined to require the existence of the program |P for an arbitrary unitary transformation, but permits |P to be dependent on the data |D . Complementarily, Type-II universality requires that a program |P is independent of the data |D , and is only determined by the accuracy ǫ, and the unitary transformation U, but does not require the existence of a program for an aribitrary unitary transformation. A universal classical Turing machine has universalities of both type-I, referring to the existence of a program corresponding to an arbitrary recursive function, and type-II, referring to that a program only depends on the function to be computed and is independent of the argument of the function.
For the type-II universality of a QTM, the halt scheme is also no problem if this universality itself exists. Type-II universality means |P(A) =|P(B) =|P(A + B) =|P for different data states A, B and A + B, under the same desired U. Thus |0; 0 0 0; 0 h ; A + B, P = |0; 0 0 0; 0 h ; A, P + |0; 0 0 0; 0 h ; B, P . Hence the execution time of P is independent of the data state.
After the flip of the halt qubit, if the measurement is not made immediately, the total state of the computer should continue to evolve. To preserve the desired data state, one should let another part of the machine to change because of unitarity. Alternatively, one may observe the halt qubit at each step and make measurement on the desired state immediately when the halt qubit flips.
UNIVERSAL QUANTUM TURING MACHINE LEADS TO A UNIVERSAL QUANTUM CIRCUIT
QTM is largely a theoretical model, the practical quantum computer is the quantum circuit [9] . In a quantum circuit, a gate array unitarily transforms a collection of qubits from an input state to an output state. Therefore one may be interested in whether there is a universal quantum circuit, which, with a fixed gate array, can perform an arbitrary unitary transformation on a collection of data qubits, by encoding a program as another part of the input.
In the consideration of Ref. [8] , for an arbitrary unitary transformation U, one prepares a data state |D and a corresponding program state |P(U) . A fixed gate array gives a fixed unitary transformation G on the total state: G(|D |P(U) )= |UD P ′ (U) . However, it was shown that such a universal circuit does not exist, since the number of possible unitary transformation of any finite number of data qubits is infinite, consequently the number of program qubits should be infinite.
Here we connect the existence of universal quantum circuit to that of the UQTM. We point out that one may construct a universal quantum circuit by simulating the UQTM step by step using the same fixed gate array. This implies an extension of the conventional definition of a quantum circuit, but what is important is that we use a fixed gate array for different unitary transformations.
In stead of running the gate array once, as considered in [8] , one may repeat the operation of the same fixed gate array. That is, one run of the gate array, G, simulates one step of the QTM, defined as U above. The qubits are specified as several registers, representing respectively the processor state, the halt qubit, the data, the program, as well as ancillary qubits. After each run of the same gate array, the output is taken as the input of the next run. The cycle continues in this way, and a measurement on the data state is made when the halt qubit is found to be changed. The flow chart is shown in Fig. 1 . Like present-day computer, when the dimension of the quantum circuit is large enough for practical purposes, it functions practically as a universal quantum computer.
One might wonder whether such a repeat execution of a gate arrary must imply the existence of a programmable gate array run once, with the repeat in time replaced by the repeat in the construction of the gate array. The answer is negative. This is because in executing the UQTM and the repeat of the fixed gate array, the number of repeat is not determined before the computation.
SUMMARY
To summarize, several problems concerning the so-called universal quantum computer are discussed. If the universal quantum Turing machine (UQTM) does exists, then the entanglement between the halt qubit and other qubits does not occur, and thus the claimed conflict between halt and universality is avoided. This is because the UQTM performs an arbitrary unitary transformation on an arbitrary data state by inputing a corresponding program, instead of operating the total machine on an arbitrary superposition. On the other hand, if the program is determined only by the desired unitary transformation and the accuracy, and is independent of the initial data state, then the execution time should be independent of the data state. We also point out that a universal quantum circuit may be constructed by closely simulating the UQTM, with one run of the fixed gate array corresponding to one step of the UQTM, and the output of one run is the input of the next run.
The existence of a UQTM, or how to re-define it, i.e. to appropriately generalize the notion of universal Turing machine to quantum computation, is still subject to further investigations. Therefore the discussions here mainly aim at reducing the problems of halt and universal circuit to that of the very existence of the UQTM. FIGURES   FIG. 1 . Flow chart of the universal quantum circuit based on simulating the universal quantum Turing machine (QTM) step by step, with one run of the fixed gate array, G, corresponding to one step of the UQTM. The cycle continues till halt. D is the input data state, U is an arbitrary unitary transformation, ǫ is an arbitrary accuracy, P(D, U, ǫ) is the corresponding program. a represents qubits for ancillary purposes. n n n, x are respectively states of the processor and head position of the simulated UQTM. 
